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Causal Discovery Methods (Based on Graphical Models)

Class of Algorithm Name Assumptions Short 
comings Input

PC (oldest)
Any distribution, No 

unobsv. confounders, 
Markov cond, 
faithfulness

FCI

Any distribution, 
Asymptotically correct 

with confounders,

Markov cond, 
faithfulness

Score-based GES No unobsv. 
confounders Non-bivariate

Empty graph, 
adds edges, 

removes some

Functional Causal 
Models (FCMs)

LinGAM/
ANM Asymmetry in data

Requires 
additional 

assumptions

(not general), 

harder for 
discrete data

Structural 
Equation 

Model 

Glymour et al. (2019)

Constraint-based

Causal info 
only up to 

equivalence 
classes, 


Non bivariate

Complete 
undirected 

graph



Constraint-based assumptions

• Markov condition:
- Absent edge implies conditional independence (CI)
- Observing conditional dependence implies an edge

• Causal sufficiency: For any pair of variables X, Y, if there exists a 
variable Z which is a direct of cause of both X and Y, then Z is included 
in the causal graph (Z may be unobserved)

• Faithfulness:
- Conjugate to the Markov condition
- Edge implies conditional dependence
- Observing CI implies absence of an edge

Could fail in regulatory systems, e.g., homeostasis.



Peter-Clark (PC) Algorithm
True causal graph: A

B
C D

1. Start with the complete graph 

A

B
C D

2. Zeroth order CI,              , by faithfulness:A ?? B
<latexit sha1_base64="urhlF3msHk5RLK0YQxJh3rW+fJs=">AAAB/3icdVC7TsMwFHV4lvIKILGwGCokpipJGwhbKQtjkehDaqLKcZ3WqvOQ7SBVpQO/wsIAQqz8Bht/g9MGCRAcy9LxOffqXh8/YVRIw/jQFhaXlldWC2vF9Y3NrW19Z7cl4pRj0sQxi3nHR4IwGpGmpJKRTsIJCn1G2v7oMvPbt4QLGkc3cpwQL0SDiAYUI6mknr5/Ad2E8AS6h9nJH/WeXjLKhmFXTh2oyLnlOLYilmlXKzY0lZWhBHI0evq7249xGpJIYoaE6JpGIr0J4pJiRqZFNxUkQXiEBqSraIRCIrzJbP8pPFZKHwYxVzeScKZ+75igUIhx6KvKEMmh+O1l4l9eN5WB401olKSSRHg+KEgZlDHMwoB9ygmWbKwIwpyqXSEeIo6wVJEVVQhfP4X/k5ZVNitl67paqtXzOArgAByBE2CCM1ADV6ABmgCDO/AAnsCzdq89ai/a67x0Qct79sAPaG+fbmCUdQ==</latexit>

A

B
C D

See later for statistical 
independence tests.

Glymour et al. (2019)



Peter-Clark (PC) Algorithm
3. 1st order CI,                      , by faithfulness:

A

B
C D

A ?? D|C
B ?? D|C

<latexit sha1_base64="bluOX2JTJZDYfc6R939PHBS+qis=">AAACIHicdVDLTgIxFO3gC/E16tJNlZi4IjMDI7hDcOESE3kkDCGd0oGGziNtx4Qgn+LGX3HjQmN0p19jB8ZEjZ6myek59+b2HjdiVEjDeNcyS8srq2vZ9dzG5tb2jr671xJhzDFp4pCFvOMiQRgNSFNSyUgn4gT5LiNtd1xP/PYN4YKGwbWcRKTno2FAPYqRVFJfL59DJyI8gs5hctLHBbyFdcfJ1f41+3reKBiGXTytQEXOrErFVsQy7VLRhqayEuRBikZff3MGIY59EkjMkBBd04hkb4q4pJiRWc6JBYkQHqMh6SoaIJ+I3nS+4AweK2UAvZCrG0g4V793TJEvxMR3VaWP5Ej89hLxL68bS6/Sm9IgiiUJ8GKQFzMoQ5ikBQeUEyzZRBGEOVV/hXiEOMJSZZpTIXxtCv8nLatgFgvWVSlfraVxZMEBOAInwARlUAWXoAGaAIM78ACewLN2rz1qL9rrojSjpT374Ae0j0/rNZ8k</latexit>

4. No higher order CI observed. Notice that conditioning sets only need to 
contain neighbours for the two nodes due to the Markov condition. We do 
not know the parents but parents are a subsets of neighbours. As the 
graph becomes sparser, the number of tests to be performed decrease. 
This makes CP very efficient.  

5. Orient V-structures (colliders): take triplets where 2 nodes are 
connected to the 3rd:                      only. A 6?? B|C

<latexit sha1_base64="t9m9HBqh7ouqCP/1DeC5gjFcJds=">AAACCHicdVC7TsMwFHV4lvIqMDJgqJCYqqRtIGylXRiLRB9SE1WO67ZWHSeyHaSqdGThV1gYQIiVT2Djb3DaIAGCY1k6PudeXd/jR4xKZZofxsLi0vLKamYtu76xubWd29ltyjAWmDRwyELR9pEkjHLSUFQx0o4EQYHPSMsf1RK/dUOEpCG/VuOIeAEacNqnGCktdXMHF9DloYJuREQE3cPkpI8qvIW1bi5vFkzTLp06UJPzouPYmhQtu1yyoaWtBHmQot7Nvbu9EMcB4QozJGXHMiPlTZBQFDMyzbqxJBHCIzQgHU05Coj0JrNFpvBYKz3YD4W+XMGZ+r1jggIpx4GvKwOkhvK3l4h/eZ1Y9R1vQnkUK8LxfFA/ZlCFMEkF9qggWLGxJggLqv8K8RAJhJXOLqtD+NoU/k+axYJVKhSvyvlKNY0jA/bBETgBFjgDFXAJ6qABMLgDD+AJPBv3xqPxYrzOSxeMtGcP/IDx9glH6Jeb</latexit>

A

B
C D

Note             cannot be as it would 
have been a collider (not detected in 5)

C ! D
<latexit sha1_base64="kFy3wDe5NnDkbrk+BqV94qocB3w=">AAAB7nicdVDLSsNAFL3xWeur6tLNYBFclSRtNO6KdeGygn1AG8pkOmmHTh7MTIQS+hFuXCji1u9x5984aSuo6IGBwzn3MvccP+FMKtP8MFZW19Y3Ngtbxe2d3b390sFhW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb8SSP3O/dUSBZHd2qaUC/Eo4gFjGClpU4D9VWMrgelslkxTad67iJNLm3XdTSxLadWdZClrRxlWKI5KL33hzFJQxopwrGUPctMlJdhoRjhdFbsp5ImmEzwiPY0jXBIpZfNz52hU60MURAL/SKF5ur3jQyHUk5DX0+GWI3lby8X//J6qQpcL2NRkioakcVHQcqRjphnR0MmKFF8qgkmgulbERljgYnSDRV1CV9J0f+kbVesasW+rZXrV8s6CnAMJ3AGFlxAHW6gCS0gMIEHeIJnIzEejRfjdTG6Yix3juAHjLdPkWSPFA==</latexit>

Glymour et al. (2019)



Causal Inference

Overview of the course

Causal Effect Estimation Casual Discovery

Obsv confounders Unobsv confounders

Regression 
Adjustment

Propensity 
score IV

Front-
door 

criterion

Constraint-
based

Score-
based FCM

Rubin Rubin, Pearl

Modern ML



Today’s lecture

• Functional Causal Models (FCMs): Utilising asymmetry in data 
for causal discovery

• LiNGAMs: Linear non-gaussian acyclic models, allow for new 
approaches for causal learning from observational data

• ANM: Additive noise models and  
causal identifiablity

• IGCI: Information Geometric Causal Inference

Jonas Peters et al, Elements of Causal Inference (2017) 



Causal Structure Identifiability 

• LiNGAMs: Linear non-gaussian acyclic models, allow for new 
approaches for causal learning from observational data.

• Focusing on 2 variables only, we wish to distinguish between:

   from observational data.
 
• Assumption: The effect on E is a linear function of C up to additive 

noise:

x ! y or y ! x

<latexit sha1_base64="+4E6D2nVTsJBmMQNyWSGoka6MUI=">AAACBHicdVC7TsMwFHXKq5RXgbGLRYXEFDlVX2wVLIxFog+pjSrHdVqrThzZDmoVdWDhV1gYQIiVj2Djb3DTIgGCM1jH59yre+/xIs6URujDyqytb2xuZbdzO7t7+wf5w6O2ErEktEUEF7LrYUU5C2lLM81pN5IUBx6nHW9yufA7t1QqJsIbPYuoG+BRyHxGsDbSIF+Ywr4WcGZeOtUJFBLO05+A00G+iGzklFC9Dg05d6qVmiGlEqqWEXRslKIIVmgO8u/9oSBxQENNOFaq56BIuwmWmhFO57l+rGiEyQSPaM/QEAdUuUl6xByeGmUIfbOAL0INU/V7R4IDpWaBZyoDrMfqt7cQ//J6sfbrbsLCKNY0JMtBfsyhOXGRCBwySYnmM0MwkczsCskYS0y0yS1nQvi6FP5P2iXbKduV63KxcbGKIwsK4AScAQfUQANcgSZoAQLuwAN4As/WvfVovVivy9KMteo5Bj9gvX0CbfCXWA==</latexit>

E = ↵C +NE , NE ?? C

<latexit sha1_base64="f07QEqB/EhGxIf8yBazHxPhOyME="></latexit>

These assumptions are not enough to identify cause/effect.



Theorem: Identifiability of LiNGAMs

i.e., non-identifiability of gaussian Cause and Effect. If:

Y = ↵X +NY , NY ?? X

<latexit sha1_base64="8e3aJGmQJE6Nz387HkSFU2DkLX0="></latexit>

There exists a     and a random variable        s.t.:

X = �Y +NX , NX ?? Y

<latexit sha1_base64="objnn7wNk05+wg+B+4zKATbdONY="></latexit>

if and only if      and        are gaussians. 

i.e., it is sufficient that for      (   ) or        (       ) to be non-gaussian to 
render the causal direction identifiable. 

�

<latexit sha1_base64="faOru1ON/4teDozLeUc9jNLNyc0=">AAAB7HicdVDLSgNBEJz1GeMr6tHLYBA8hdklL29BLx4juEkgWcLspDcZMju7zMwKIeQbvHhQxKsf5M2/cfIQVLSgoajqprsrTAXXhpAPZ219Y3NrO7eT393bPzgsHB23dJIpBj5LRKI6IdUguATfcCOgkyqgcSigHY6v5377HpTmibwzkxSCmA4ljzijxkp+LwRD+4UiKRHXI/U6tuTSrVZqlngeqZYJdktkgSJaodkvvPcGCctikIYJqnXXJakJplQZzgTM8r1MQ0rZmA6ha6mkMehgujh2hs+tMsBRomxJgxfq94kpjbWexKHtjKkZ6d/eXPzL62YmqgdTLtPMgGTLRVEmsEnw/HM84AqYERNLKFPc3orZiCrKjM0nb0P4+hT/T1peyS2XKrflYuNqFUcOnaIzdIFcVEMNdIOayEcMcfSAntCzI51H58V5XbauOauZE/QDztsnHsaO6Q==</latexit>

NX

<latexit sha1_base64="PfLXR45jjTmLEYEmsjV40ORpnAw=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqGbN6CXjxJRBMDyRB6Oj1Jk56F7h4hDPkELx4U8eoXefNv7CyCij4oeLxXRVU9PxFcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqziVlLVoLGLZ8YligkespbkWrJNIRkJfsDt/fDHz7+6ZVDyObvUkYV5IhhEPOCXaSDdX/U6/WMI2dlxcryNDzpxqpWaI6+JqGSPHxnOUYIlmv/jeG8Q0DVmkqSBKdR2caC8jUnMq2LTQSxVLCB2TIesaGpGQKS+bnzpFJ0YZoCCWpiKN5ur3iYyESk1C33SGRI/Ub28m/uV1Ux3UvYxHSapZRBeLglQgHaPZ32jAJaNaTAwhVHJzK6IjIgnVJp2CCeHrU/Q/abu2U7Yr1+VS43wZRx6O4BhOwYEaNOASmtACCkN4gCd4toT1aL1Yr4vWnLWcOYQfsN4+AWGxjeI=</latexit>

NY

<latexit sha1_base64="nV2w4K4Ak7SE7fOC6GNYYKZ7fFk=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4Cj1DNm9BL54kolkkGUJPpydp0rPQ3SOEIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKrnxYIrjfGHlVlZXVvfyG7mtrZ3dvfy+wctFSWSsiaNRCQ7HlFM8JA1NdeCdWLJSOAJ1vbGFzO/fc+k4lF4qycxcwMyDLnPKdFGurnq3/XzBVzEtoNrNWTImV0pVw1xHFwpYWQX8RwFWKLRz7/3BhFNAhZqKohSXRvH2k2J1JwKNs31EsViQsdkyLqGhiRgyk3np07RiVEGyI+kqVCjufp9IiWBUpPAM50B0SP125uJf3ndRPs1N+VhnGgW0sUiPxFIR2j2NxpwyagWE0MIldzciuiISEK1SSdnQvj6FP1PWk7RLhXL16VC/XwZRxaO4BhOwYYq1OESGtAECkN4gCd4toT1aL1Yr4vWjLWcOYQfsN4+AWM1jeM=</latexit>

X

<latexit sha1_base64="+RWH+bX0Ly3mHhl5iePO3ZoqzMY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnqGbN6CXjwmYBZIhtDT6Ulaexa6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfX8RHClMf6wcmvrG5tb+e3Czu7e/kHx8Kij4lRS1qaxiGXPJ4oJHrG25lqwXiIZCX3Buv7d1dzv3jOpeBzd6GnCvJCMIx5wSrSRWr1hsYRt7Li4XkeGXDjVSs0Q18XVMkaOjRcowQrNYfF9MIppGrJIU0GU6js40V5GpOZUsFlhkCqWEHpHxqxvaERCprxscegMnRllhIJYmoo0WqjfJzISKjUNfdMZEj1Rv725+JfXT3VQ9zIeJalmEV0uClKBdIzmX6MRl4xqMTWEUMnNrYhOiCRUm2wKJoSvT9H/pOPaTtmutMqlxuUqjjycwCmcgwM1aMA1NKENFBg8wBM8W7fWo/VivS5bc9Zq5hh+wHr7BBCpjSE=</latexit>

Y

<latexit sha1_base64="Qotqj3iP1t1gjcvemrzwMxQj74Q=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnpCNm9BLx4TMIskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJOrud+5B6l4FN7oaQxuQEch9zmj2kjN20G+QGziFEmthg25cCrlqiHFIqmUCHZsskABrdAY5N/7w4glAYSaCapUzyGxdlMqNWcCZrl+oiCmbEJH0DM0pAEoN10cOsNnRhliP5KmQo0X6veJlAZKTQPPdAZUj9Vvby7+5fUS7dfclIdxoiFky0V+IrCO8PxrPOQSmBZTQyiT3NyK2ZhKyrTJJmdC+PoU/0/aRdsp2eVmqVC/XMWRRSfoFJ0jB1VRHV2jBmohhgA9oCf0bN1Zj9aL9bpszVirmWP0A9bbJxItjSI=</latexit>

NY

<latexit sha1_base64="nV2w4K4Ak7SE7fOC6GNYYKZ7fFk=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4Cj1DNm9BL54kolkkGUJPpydp0rPQ3SOEIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKrnxYIrjfGHlVlZXVvfyG7mtrZ3dvfy+wctFSWSsiaNRCQ7HlFM8JA1NdeCdWLJSOAJ1vbGFzO/fc+k4lF4qycxcwMyDLnPKdFGurnq3/XzBVzEtoNrNWTImV0pVw1xHFwpYWQX8RwFWKLRz7/3BhFNAhZqKohSXRvH2k2J1JwKNs31EsViQsdkyLqGhiRgyk3np07RiVEGyI+kqVCjufp9IiWBUpPAM50B0SP125uJf3ndRPs1N+VhnGgW0sUiPxFIR2j2NxpwyagWE0MIldzciuiISEK1SSdnQvj6FP1PWk7RLhXL16VC/XwZRxaO4BhOwYYq1OESGtAECkN4gCd4toT1aL1Yr4vWjLWcOYQfsN4+AWM1jeM=</latexit>

X

<latexit sha1_base64="+RWH+bX0Ly3mHhl5iePO3ZoqzMY=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnqGbN6CXjwmYBZIhtDT6Ulaexa6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfX8RHClMf6wcmvrG5tb+e3Czu7e/kHx8Kij4lRS1qaxiGXPJ4oJHrG25lqwXiIZCX3Buv7d1dzv3jOpeBzd6GnCvJCMIx5wSrSRWr1hsYRt7Li4XkeGXDjVSs0Q18XVMkaOjRcowQrNYfF9MIppGrJIU0GU6js40V5GpOZUsFlhkCqWEHpHxqxvaERCprxscegMnRllhIJYmoo0WqjfJzISKjUNfdMZEj1Rv725+JfXT3VQ9zIeJalmEV0uClKBdIzmX6MRl4xqMTWEUMnNrYhOiCRUm2wKJoSvT9H/pOPaTtmutMqlxuUqjjycwCmcgwM1aMA1NKENFBg8wBM8W7fWo/VivS5bc9Zq5hh+wHr7BBCpjSE=</latexit>

NX

<latexit sha1_base64="PfLXR45jjTmLEYEmsjV40ORpnAw=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqGbN6CXjxJRBMDyRB6Oj1Jk56F7h4hDPkELx4U8eoXefNv7CyCij4oeLxXRVU9PxFcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqziVlLVoLGLZ8YligkespbkWrJNIRkJfsDt/fDHz7+6ZVDyObvUkYV5IhhEPOCXaSDdX/U6/WMI2dlxcryNDzpxqpWaI6+JqGSPHxnOUYIlmv/jeG8Q0DVmkqSBKdR2caC8jUnMq2LTQSxVLCB2TIesaGpGQKS+bnzpFJ0YZoCCWpiKN5ur3iYyESk1C33SGRI/Ub28m/uV1Ux3UvYxHSapZRBeLglQgHaPZ32jAJaNaTAwhVHJzK6IjIgnVJp2CCeHrU/Q/abu2U7Yr1+VS43wZRx6O4BhOwYEaNOASmtACCkN4gCd4toT1aL1Yr4vWnLWcOYQfsN4+AWGxjeI=</latexit>



Theorem: Identifiability of LiNGAMs
Proof:

1 Theorem (Darmois-Skitvic): Let                      be independent, 
non-degenerate random variable. If there exists non-vanishing 
coefficients                     and                    such that the two 
linear combinations:   

x1, · · · , xd

<latexit sha1_base64="YzjPeWArmJQZy48jVzkh82z7jS0=">AAAB+XicdVDJSgNBEO2JW4zbqEcvjUHwEIaekM1b0IvHCGaBZBh6enqSJj0L3T0hYcifePGgiFf/xJt/Y2cRVPRBweO9KqrqeQlnUiH0YeQ2Nre2d/K7hb39g8Mj8/ikI+NUENomMY9Fz8OSchbRtmKK014iKA49Trve+GbhdydUSBZH92qWUCfEw4gFjGClJdc0p65dggPix0qW4NT1XbOILGSXUaMBNbmya9W6JuUyqlUQtC20RBGs0XLN94EfkzSkkSIcS9m3UaKcDAvFCKfzwiCVNMFkjIe0r2mEQyqdbHn5HF5oxYdBLHRFCi7V7xMZDqWchZ7uDLEayd/eQvzL66cqaDgZi5JU0YisFgUphyqGixigzwQlis80wUQwfSskIywwUTqsgg7h61P4P+mULbtiVe8qxeb1Oo48OAPn4BLYoA6a4Ba0QBsQMAEP4Ak8G5nxaLwYr6vWnLGeOQU/YLx9AmfqkuQ=</latexit>

                are independent, then each       is normally distributed

a1, · · · , ad

<latexit sha1_base64="950lrNwqKdFanVQstSUVWYNCy1I=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwUcIk9OWu6MZlBfuANoTJZNIOnTyYmRRK6J+4caGIW//EnX/j9CGo6IELh3Pu5d57/JQzqRD6MAobm1vbO8Xd0t7+weGReXzSlUkmCO2QhCei72NJOYtpRzHFaT8VFEc+pz1/crPwe1MqJEviezVLqRvhUcxCRrDSkmea2LMrcEiCRMkKxF7gmWVkIdtBzSbU5Mqu1xqaOA6qVxG0LbREGazR9sz3YZCQLKKxIhxLObBRqtwcC8UIp/PSMJM0xWSCR3SgaYwjKt18efkcXmglgGEidMUKLtXvEzmOpJxFvu6MsBrL395C/MsbZCpsujmL00zRmKwWhRmHKoGLGGDABCWKzzTBRDB9KyRjLDBROqySDuHrU/g/6TqWXbVqd9Vy63odRxGcgXNwCWzQAC1wC9qgAwiYggfwBJ6N3Hg0XozXVWvBWM+cgh8w3j4BIKuStg==</latexit>

b1, · · · , bd

<latexit sha1_base64="63Iy90pGmhyieUs6VgttiVEg5i8=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwUcIk9OWu6MZlBfuANoTJZNIOnTyYmRRK6J+4caGIW//EnX/j9CGo6IELh3Pu5d57/JQzqRD6MAobm1vbO8Xd0t7+weGReXzSlUkmCO2QhCei72NJOYtpRzHFaT8VFEc+pz1/crPwe1MqJEviezVLqRvhUcxCRrDSkmeavmdX4JAEiZIV6HuBZ5aRhWwHNZtQkyu7Xmto4jioXkXQttASZbBG2zPfh0FCsojGinAs5cBGqXJzLBQjnM5Lw0zSFJMJHtGBpjGOqHTz5eVzeKGVAIaJ0BUruFS/T+Q4knIW+bozwmosf3sL8S9vkKmw6eYsTjNFY7JaFGYcqgQuYoABE5QoPtMEE8H0rZCMscBE6bBKOoSvT+H/pOtYdtWq3VXLret1HEVwBs7BJbBBA7TALWiDDiBgCh7AE3g2cuPReDFeV60FYz1zCn7AePsEI8SSuA==</latexit>

l1 = a1x1 + · · ·+ adxd

l2 = b1x1 + · · ·+ bdxd

<latexit sha1_base64="JZMbCLmDRJoMTJYYcEa3kSMv82Y="></latexit>

l1 ?? l2

<latexit sha1_base64="Ahuo+Q05QdLxndm9wq8e6UOwNZw=">AAACA3icdVDLSgMxFM34rPVVdaebaBFcDZmhL3dFNy4r2Ad0hiGTZtrQzIMkI5Sh4MZfceNCEbf+hDv/xrQdQUVPCJyccy839/gJZ1Ih9GEsLa+srq0XNoqbW9s7u6W9/Y6MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uPLmd+9pUKyOLpRk4S6IR5GLGAEKy15pUPuWdBJqEigczw7+YN7tlcqIxNZNmo0oCbnVq1a18S2Ua2CoGWiOcogR8srvTuDmKQhjRThWMq+hRLlZlgoRjidFp1U0gSTMR7SvqYRDql0s/kOU3iqlQEMYqFvpOBc/d6R4VDKSejryhCrkfztzcS/vH6qgoabsShJFY3IYlCQcqhiOAsEDpigRPGJJpgIpv8KyQgLTJSOrahD+NoU/k86tmlVzOp1pdy8yOMogCNwAs6ABeqgCa5AC7QBAXfgATyBZ+PeeDRejNdF6ZKR9xyAHzDePgFIuJYK</latexit>

xi

<latexit sha1_base64="zaHQncSx45gj3LJHjEtzRQlKXZU=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqGbN6CXjxGNCaQDKGn05M06Vno7hHDkE/w4kERr36RN//GziKo6IOCx3tVVNXzE8GVxvjDyq2srq1v5DcLW9s7u3vF/YNbFaeSshaNRSw7PlFM8Ii1NNeCdRLJSOgL1vbHFzO/fcek4nF0oycJ80IyjHjAKdFGur7v836xhG3suLheR4acOdVKzRDXxdUyRo6N5yjBEs1+8b03iGkaskhTQZTqOjjRXkak5lSwaaGXKpYQOiZD1jU0IiFTXjY/dYpOjDJAQSxNRRrN1e8TGQmVmoS+6QyJHqnf3kz8y+umOqh7GY+SVLOILhYFqUA6RrO/0YBLRrWYGEKo5OZWREdEEqpNOgUTwten6H9y69pO2a5clUuN82UceTiCYzgFB2rQgEtoQgsoDOEBnuDZEtaj9WK9Llpz1nLmEH7AevsEu3GOHQ==</latexit>



Theorem: Identifiability of LiNGAMs
Proof:

1 Theorem (Darmois-Skitvic): Let                      be independent, 
non-degenerate random variable. If there exists non-vanishing 
coefficients                     and                    such that the two 
linear combinations:   

x1, · · · , xd

<latexit sha1_base64="YzjPeWArmJQZy48jVzkh82z7jS0=">AAAB+XicdVDJSgNBEO2JW4zbqEcvjUHwEIaekM1b0IvHCGaBZBh6enqSJj0L3T0hYcifePGgiFf/xJt/Y2cRVPRBweO9KqrqeQlnUiH0YeQ2Nre2d/K7hb39g8Mj8/ikI+NUENomMY9Fz8OSchbRtmKK014iKA49Trve+GbhdydUSBZH92qWUCfEw4gFjGClJdc0p65dggPix0qW4NT1XbOILGSXUaMBNbmya9W6JuUyqlUQtC20RBGs0XLN94EfkzSkkSIcS9m3UaKcDAvFCKfzwiCVNMFkjIe0r2mEQyqdbHn5HF5oxYdBLHRFCi7V7xMZDqWchZ7uDLEayd/eQvzL66cqaDgZi5JU0YisFgUphyqGixigzwQlis80wUQwfSskIywwUTqsgg7h61P4P+mULbtiVe8qxeb1Oo48OAPn4BLYoA6a4Ba0QBsQMAEP4Ak8G5nxaLwYr6vWnLGeOQU/YLx9AmfqkuQ=</latexit>

                are independent, then each       is normally distributed

a1, · · · , ad

<latexit sha1_base64="950lrNwqKdFanVQstSUVWYNCy1I=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwUcIk9OWu6MZlBfuANoTJZNIOnTyYmRRK6J+4caGIW//EnX/j9CGo6IELh3Pu5d57/JQzqRD6MAobm1vbO8Xd0t7+weGReXzSlUkmCO2QhCei72NJOYtpRzHFaT8VFEc+pz1/crPwe1MqJEviezVLqRvhUcxCRrDSkmea2LMrcEiCRMkKxF7gmWVkIdtBzSbU5Mqu1xqaOA6qVxG0LbREGazR9sz3YZCQLKKxIhxLObBRqtwcC8UIp/PSMJM0xWSCR3SgaYwjKt18efkcXmglgGEidMUKLtXvEzmOpJxFvu6MsBrL395C/MsbZCpsujmL00zRmKwWhRmHKoGLGGDABCWKzzTBRDB9KyRjLDBROqySDuHrU/g/6TqWXbVqd9Vy63odRxGcgXNwCWzQAC1wC9qgAwiYggfwBJ6N3Hg0XozXVWvBWM+cgh8w3j4BIKuStg==</latexit>

b1, · · · , bd

<latexit sha1_base64="63Iy90pGmhyieUs6VgttiVEg5i8=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwUcIk9OWu6MZlBfuANoTJZNIOnTyYmRRK6J+4caGIW//EnX/j9CGo6IELh3Pu5d57/JQzqRD6MAobm1vbO8Xd0t7+weGReXzSlUkmCO2QhCei72NJOYtpRzHFaT8VFEc+pz1/crPwe1MqJEviezVLqRvhUcxCRrDSkmeavmdX4JAEiZIV6HuBZ5aRhWwHNZtQkyu7Xmto4jioXkXQttASZbBG2zPfh0FCsojGinAs5cBGqXJzLBQjnM5Lw0zSFJMJHtGBpjGOqHTz5eVzeKGVAIaJ0BUruFS/T+Q4knIW+bozwmosf3sL8S9vkKmw6eYsTjNFY7JaFGYcqgQuYoABE5QoPtMEE8H0rZCMscBE6bBKOoSvT+H/pOtYdtWq3VXLret1HEVwBs7BJbBBA7TALWiDDiBgCh7AE3g2cuPReDFeV60FYz1zCn7AePsEI8SSuA==</latexit>

l1 = a1x1 + · · ·+ adxd

l2 = b1x1 + · · ·+ bdxd

<latexit sha1_base64="JZMbCLmDRJoMTJYYcEa3kSMv82Y="></latexit>

l1 ?? l2

<latexit sha1_base64="Ahuo+Q05QdLxndm9wq8e6UOwNZw=">AAACA3icdVDLSgMxFM34rPVVdaebaBFcDZmhL3dFNy4r2Ad0hiGTZtrQzIMkI5Sh4MZfceNCEbf+hDv/xrQdQUVPCJyccy839/gJZ1Ih9GEsLa+srq0XNoqbW9s7u6W9/Y6MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uPLmd+9pUKyOLpRk4S6IR5GLGAEKy15pUPuWdBJqEigczw7+YN7tlcqIxNZNmo0oCbnVq1a18S2Ua2CoGWiOcogR8srvTuDmKQhjRThWMq+hRLlZlgoRjidFp1U0gSTMR7SvqYRDql0s/kOU3iqlQEMYqFvpOBc/d6R4VDKSejryhCrkfztzcS/vH6qgoabsShJFY3IYlCQcqhiOAsEDpigRPGJJpgIpv8KyQgLTJSOrahD+NoU/k86tmlVzOp1pdy8yOMogCNwAs6ABeqgCa5AC7QBAXfgATyBZ+PeeDRejNdF6ZKR9xyAHzDePgFIuJYK</latexit>

xi

<latexit sha1_base64="zaHQncSx45gj3LJHjEtzRQlKXZU=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqGbN6CXjxGNCaQDKGn05M06Vno7hHDkE/w4kERr36RN//GziKo6IOCx3tVVNXzE8GVxvjDyq2srq1v5DcLW9s7u3vF/YNbFaeSshaNRSw7PlFM8Ii1NNeCdRLJSOgL1vbHFzO/fcek4nF0oycJ80IyjHjAKdFGur7v836xhG3suLheR4acOdVKzRDXxdUyRo6N5yjBEs1+8b03iGkaskhTQZTqOjjRXkak5lSwaaGXKpYQOiZD1jU0IiFTXjY/dYpOjDJAQSxNRRrN1e8TGQmVmoS+6QyJHqnf3kz8y+umOqh7GY+SVLOILhYFqUA6RrO/0YBLRrWYGEKo5OZWREdEEqpNOgUTwten6H9y69pO2a5clUuN82UceTiCYzgFB2rQgEtoQgsoDOEBnuDZEtaj9WK9Llpz1nLmEH7AevsEu3GOHQ==</latexit>

2 Lemma (Peters 2008): Let               . Then X ?? N

<latexit sha1_base64="nlHH+nAzUfheFlCeou7zLTuH+u0=">AAAB/3icdVDLSgMxFM3UV62vquDGTbQIrobM0Je7ohtXUsE+oDOUTJppQzOZIckIpXbhr7hxoYhbf8Odf2P6EFT0hMDJOfdyb06QcKY0Qh9WZml5ZXUtu57b2Nza3snv7jVVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQwvpn7rlkrFYnGjRwn1I9wXLGQEayN18wdt6CVUJtA7mp7F46qbLyAbOS6qVqEhZ065VDHEdVG5iKBjoxkKYIF6N//u9WKSRlRowrFSHQcl2h9jqRnhdJLzUkUTTIa4TzuGChxR5Y9n+0/giVF6MIyluULDmfq9Y4wjpUZRYCojrAfqtzcV//I6qQ6r/piJJNVUkPmgMOVQx3AaBuwxSYnmI0MwkczsCskAS0y0iSxnQvj6KfyfNF3bKdql62Khdr6IIwsOwTE4BQ6ogBq4BHXQAATcgQfwBJ6te+vRerFe56UZa9GzD37AevsEk+uUjw==</latexit>

N 6?? (X +N)

<latexit sha1_base64="9Camb8uWpljdGyq2ZvCwCnHYPN8=">AAACCHicdVDLSgMxFM3UV62vqksXRotQEUqm9OWu6MZVqWAf0Cklk6ZtaCYzJBmhlC7d+CtuXCji1k9w59+YaUdQ0RMCJ+fcy809bsCZ0gh9WIml5ZXVteR6amNza3snvbvXVH4oCW0Qn/uy7WJFORO0oZnmtB1Iij2X05Y7voz81i2VivniRk8C2vXwULABI1gbqZc+rEFH+Bo6AZUBdI6iEz+y7bPaaS+dQTlk51GlAg05t0vFsiH5PCoVELRzaI4MiFHvpd+dvk9CjwpNOFaqY6NAd6dYakY4naWcUNEAkzEe0o6hAntUdafzRWbwxCh9OPCluULDufq9Y4o9pSaeayo9rEfqtxeJf3mdUA8q3SkTQaipIItBg5BD7cMoFdhnkhLNJ4ZgIpn5KyQjLDHRJruUCeFrU/g/aeZzdiFXvC5kqhdxHElwAI5BFtigDKrgCtRBAxBwBx7AE3i27q1H68V6XZQmrLhnH/yA9fYJHI6XgA==</latexit>



Theorem: Identifiability of LiNGAMs
Proof:

1 Theorem (Darmois-Skitvic): Let                      be independent, 
non-degenerate random variable. If there exists non-vanishing 
coefficients                     and                    such that the two 
linear combinations:   

x1, · · · , xd

<latexit sha1_base64="YzjPeWArmJQZy48jVzkh82z7jS0=">AAAB+XicdVDJSgNBEO2JW4zbqEcvjUHwEIaekM1b0IvHCGaBZBh6enqSJj0L3T0hYcifePGgiFf/xJt/Y2cRVPRBweO9KqrqeQlnUiH0YeQ2Nre2d/K7hb39g8Mj8/ikI+NUENomMY9Fz8OSchbRtmKK014iKA49Trve+GbhdydUSBZH92qWUCfEw4gFjGClJdc0p65dggPix0qW4NT1XbOILGSXUaMBNbmya9W6JuUyqlUQtC20RBGs0XLN94EfkzSkkSIcS9m3UaKcDAvFCKfzwiCVNMFkjIe0r2mEQyqdbHn5HF5oxYdBLHRFCi7V7xMZDqWchZ7uDLEayd/eQvzL66cqaDgZi5JU0YisFgUphyqGixigzwQlis80wUQwfSskIywwUTqsgg7h61P4P+mULbtiVe8qxeb1Oo48OAPn4BLYoA6a4Ba0QBsQMAEP4Ak8G5nxaLwYr6vWnLGeOQU/YLx9AmfqkuQ=</latexit>

                are independent, then each       is normally distributed

a1, · · · , ad

<latexit sha1_base64="950lrNwqKdFanVQstSUVWYNCy1I=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwUcIk9OWu6MZlBfuANoTJZNIOnTyYmRRK6J+4caGIW//EnX/j9CGo6IELh3Pu5d57/JQzqRD6MAobm1vbO8Xd0t7+weGReXzSlUkmCO2QhCei72NJOYtpRzHFaT8VFEc+pz1/crPwe1MqJEviezVLqRvhUcxCRrDSkmea2LMrcEiCRMkKxF7gmWVkIdtBzSbU5Mqu1xqaOA6qVxG0LbREGazR9sz3YZCQLKKxIhxLObBRqtwcC8UIp/PSMJM0xWSCR3SgaYwjKt18efkcXmglgGEidMUKLtXvEzmOpJxFvu6MsBrL395C/MsbZCpsujmL00zRmKwWhRmHKoGLGGDABCWKzzTBRDB9KyRjLDBROqySDuHrU/g/6TqWXbVqd9Vy63odRxGcgXNwCWzQAC1wC9qgAwiYggfwBJ6N3Hg0XozXVWvBWM+cgh8w3j4BIKuStg==</latexit>

b1, · · · , bd

<latexit sha1_base64="63Iy90pGmhyieUs6VgttiVEg5i8=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0VwUcIk9OWu6MZlBfuANoTJZNIOnTyYmRRK6J+4caGIW//EnX/j9CGo6IELh3Pu5d57/JQzqRD6MAobm1vbO8Xd0t7+weGReXzSlUkmCO2QhCei72NJOYtpRzHFaT8VFEc+pz1/crPwe1MqJEviezVLqRvhUcxCRrDSkmeavmdX4JAEiZIV6HuBZ5aRhWwHNZtQkyu7Xmto4jioXkXQttASZbBG2zPfh0FCsojGinAs5cBGqXJzLBQjnM5Lw0zSFJMJHtGBpjGOqHTz5eVzeKGVAIaJ0BUruFS/T+Q4knIW+bozwmosf3sL8S9vkKmw6eYsTjNFY7JaFGYcqgQuYoABE5QoPtMEE8H0rZCMscBE6bBKOoSvT+H/pOtYdtWq3VXLret1HEVwBs7BJbBBA7TALWiDDiBgCh7AE3g2cuPReDFeV60FYz1zCn7AePsEI8SSuA==</latexit>

l1 = a1x1 + · · ·+ adxd

l2 = b1x1 + · · ·+ bdxd

<latexit sha1_base64="JZMbCLmDRJoMTJYYcEa3kSMv82Y="></latexit>

l1 ?? l2

<latexit sha1_base64="Ahuo+Q05QdLxndm9wq8e6UOwNZw=">AAACA3icdVDLSgMxFM34rPVVdaebaBFcDZmhL3dFNy4r2Ad0hiGTZtrQzIMkI5Sh4MZfceNCEbf+hDv/xrQdQUVPCJyccy839/gJZ1Ih9GEsLa+srq0XNoqbW9s7u6W9/Y6MU0Fom8Q8Fj0fS8pZRNuKKU57iaA49Dnt+uPLmd+9pUKyOLpRk4S6IR5GLGAEKy15pUPuWdBJqEigczw7+YN7tlcqIxNZNmo0oCbnVq1a18S2Ua2CoGWiOcogR8srvTuDmKQhjRThWMq+hRLlZlgoRjidFp1U0gSTMR7SvqYRDql0s/kOU3iqlQEMYqFvpOBc/d6R4VDKSejryhCrkfztzcS/vH6qgoabsShJFY3IYlCQcqhiOAsEDpigRPGJJpgIpv8KyQgLTJSOrahD+NoU/k86tmlVzOp1pdy8yOMogCNwAs6ABeqgCa5AC7QBAXfgATyBZ+PeeDRejNdF6ZKR9xyAHzDePgFIuJYK</latexit>

xi

<latexit sha1_base64="zaHQncSx45gj3LJHjEtzRQlKXZU=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqGbN6CXjxGNCaQDKGn05M06Vno7hHDkE/w4kERr36RN//GziKo6IOCx3tVVNXzE8GVxvjDyq2srq1v5DcLW9s7u3vF/YNbFaeSshaNRSw7PlFM8Ii1NNeCdRLJSOgL1vbHFzO/fcek4nF0oycJ80IyjHjAKdFGur7v836xhG3suLheR4acOdVKzRDXxdUyRo6N5yjBEs1+8b03iGkaskhTQZTqOjjRXkak5lSwaaGXKpYQOiZD1jU0IiFTXjY/dYpOjDJAQSxNRRrN1e8TGQmVmoS+6QyJHqnf3kz8y+umOqh7GY+SVLOILhYFqUA6RrO/0YBLRrWYGEKo5OZWREdEEqpNOgUTwten6H9y69pO2a5clUuN82UceTiCYzgFB2rQgEtoQgsoDOEBnuDZEtaj9WK9Llpz1nLmEH7AevsEu3GOHQ==</latexit>

2 Lemma (Peters 2008): Let               . Then X ?? N

<latexit sha1_base64="nlHH+nAzUfheFlCeou7zLTuH+u0=">AAAB/3icdVDLSgMxFM3UV62vquDGTbQIrobM0Je7ohtXUsE+oDOUTJppQzOZIckIpXbhr7hxoYhbf8Odf2P6EFT0hMDJOfdyb06QcKY0Qh9WZml5ZXUtu57b2Nza3snv7jVVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQwvpn7rlkrFYnGjRwn1I9wXLGQEayN18wdt6CVUJtA7mp7F46qbLyAbOS6qVqEhZ065VDHEdVG5iKBjoxkKYIF6N//u9WKSRlRowrFSHQcl2h9jqRnhdJLzUkUTTIa4TzuGChxR5Y9n+0/giVF6MIyluULDmfq9Y4wjpUZRYCojrAfqtzcV//I6qQ6r/piJJNVUkPmgMOVQx3AaBuwxSYnmI0MwkczsCskAS0y0iSxnQvj6KfyfNF3bKdql62Khdr6IIwsOwTE4BQ6ogBq4BHXQAATcgQfwBJ6te+vRerFe56UZa9GzD37AevsEk+uUjw==</latexit>

N 6?? (X +N)

<latexit sha1_base64="9Camb8uWpljdGyq2ZvCwCnHYPN8=">AAACCHicdVDLSgMxFM3UV62vqksXRotQEUqm9OWu6MZVqWAf0Cklk6ZtaCYzJBmhlC7d+CtuXCji1k9w59+YaUdQ0RMCJ+fcy809bsCZ0gh9WIml5ZXVteR6amNza3snvbvXVH4oCW0Qn/uy7WJFORO0oZnmtB1Iij2X05Y7voz81i2VivniRk8C2vXwULABI1gbqZc+rEFH+Bo6AZUBdI6iEz+y7bPaaS+dQTlk51GlAg05t0vFsiH5PCoVELRzaI4MiFHvpd+dvk9CjwpNOFaqY6NAd6dYakY4naWcUNEAkzEe0o6hAntUdafzRWbwxCh9OPCluULDufq9Y4o9pSaeayo9rEfqtxeJf3mdUA8q3SkTQaipIItBg5BD7cMoFdhnkhLNJ4ZgIpn5KyQjLDHRJruUCeFrU/g/aeZzdiFXvC5kqhdxHElwAI5BFtigDKrgCtRBAxBwBx7AE3i27q1H68V6XZQmrLhnH/yA9fYJHI6XgA==</latexit>

We prove that 3 Y = ↵X +NY ) X = �Y +NX , NX ?? Y

<latexit sha1_base64="Zo6UDIYVRhODXpaB+C86JP7QfIc="></latexit>

iff X,NY ⇠ N

<latexit sha1_base64="1b/vDaFIzY7wng5Ps5DHvR4okEE=">AAACAnicdVDLSgMxFM3UV62vqitxEyyCCxkyQ1/uim5clQr2IW0ZMmnahiYzQ5IRylDc+CtuXCji1q9w59+YPgQVPXDhcM693HuPH3GmNEIfVmppeWV1Lb2e2djc2t7J7u41VBhLQusk5KFs+VhRzgJa10xz2ookxcLntOmPLqZ+85ZKxcLgWo8j2hV4ELA+I1gbycsetOAprHo3sKOYgB2B9ZBgnlQn0MvmkI0cF5XL0JAzp1goGeK6qJhH0LHRDDmwQM3Lvnd6IYkFDTThWKm2gyLdTbDUjHA6yXRiRSNMRnhA24YGWFDVTWYvTOCxUXqwH0pTgYYz9ftEgoVSY+GbzumN6rc3Ff/y2rHul7sJC6JY04DMF/VjDnUIp3nAHpOUaD42BBPJzK2QDLHERJvUMiaEr0/h/6Th2k7eLlzlc5XzRRxpcAiOwAlwQAlUwCWogTog4A48gCfwbN1bj9aL9TpvTVmLmX3wA9bbJ2kzljU=</latexit>

NY ?? X

<latexit sha1_base64="O+hTh70Ax05G5jexljpjNlV+LbY=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fujewK6gUsHuYnPTRdnN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEhpVb</latexit>



Theorem: Identifiability of LiNGAMs
Proof:

We prove that if                        and 3

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Y = ↵X +NY , NY ?? X

<latexit sha1_base64="KGvI8wDThGiJEimzcYhhk8H64hA="></latexit>

X = �Y +NX , NX ?? Y

<latexit sha1_base64="nHSwioqAAlgsE3uRdGEZTNIQWVM="></latexit>



Theorem: Identifiability of LiNGAMs
Proof:

We prove that if                        and 3

Define:
� :=

Cov[X,Y ]

Cov[Y, Y ]
=

↵V ar[X]

↵2V ar[X] + V ar[NY ]

<latexit sha1_base64="Q65xMubO9dVavZc7u5JZMJjRNKE="></latexit>

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Y = ↵X +NY , NY ?? X

<latexit sha1_base64="KGvI8wDThGiJEimzcYhhk8H64hA="></latexit>

X = �Y +NX , NX ?? Y

<latexit sha1_base64="nHSwioqAAlgsE3uRdGEZTNIQWVM="></latexit>

X = �Y +NX ) NX = X � �Y

<latexit sha1_base64="K7d1YB8gp3zu6OaLOzZIq1HyisQ=">AAACFXicdVDLSkMxEM31Weur6tLNYBEEteSWautCEN24EhWrV9pSctO0Dc19kMxVSvEn3Pgrblwo4lZw59+Y1goqemDg5JwZMnP8WEmDlL47I6Nj4xOTqan09Mzs3HxmYfHcRInmoswjFWnPZ0YoGYoySlTCi7Vgga/Ehd856PsXV0IbGYVn2I1FLWCtUDYlZ2ilemYDPNiFqi+QwSWsw1Hdg+qpbLWRaR1d99+73ubQr2eyNE fdPC2VwJIdd3uraEk+T7cLFNwcHSBLhjiuZ96qjYgngQiRK2ZMxaUx1npMo+RK3KSriREx4x3WEhVLQxYIU+sNrrqBVas0oBlpWyHCQP0+0WOBMd3At50Bw7b57fXFv7xKgs1SrSfDOEER8s+PmokCjKAfETSkFhxV1xLGtbS7Am8zzTjaINM2hK9L4X9yns+5hdzWSSG7tz+MI0WWyQpZIy4pkj1ySI5JmXByS+7JI3ly7pwH59l5+WwdcYYzS+QHnNcPTVmcew==</latexit>



Theorem: Identifiability of LiNGAMs
Proof:

We prove that if                        and 3

Define:
� :=

Cov[X,Y ]

Cov[Y, Y ]
=

↵V ar[X]

↵2V ar[X] + V ar[NY ]

<latexit sha1_base64="Q65xMubO9dVavZc7u5JZMJjRNKE="></latexit>

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Y = ↵X +NY , NY ?? X

<latexit sha1_base64="KGvI8wDThGiJEimzcYhhk8H64hA="></latexit>

X = �Y +NX , NX ?? Y

<latexit sha1_base64="nHSwioqAAlgsE3uRdGEZTNIQWVM="></latexit>

X = �Y +NX ) NX = X � �Y

<latexit sha1_base64="K7d1YB8gp3zu6OaLOzZIq1HyisQ=">AAACFXicdVDLSkMxEM31Weur6tLNYBEEteSWautCEN24EhWrV9pSctO0Dc19kMxVSvEn3Pgrblwo4lZw59+Y1goqemDg5JwZMnP8WEmDlL47I6Nj4xOTqan09Mzs3HxmYfHcRInmoswjFWnPZ0YoGYoySlTCi7Vgga/Ehd856PsXV0IbGYVn2I1FLWCtUDYlZ2ilemYDPNiFqi+QwSWsw1Hdg+qpbLWRaR1d99+73ubQr2eyNE fdPC2VwJIdd3uraEk+T7cLFNwcHSBLhjiuZ96qjYgngQiRK2ZMxaUx1npMo+RK3KSriREx4x3WEhVLQxYIU+sNrrqBVas0oBlpWyHCQP0+0WOBMd3At50Bw7b57fXFv7xKgs1SrSfDOEER8s+PmokCjKAfETSkFhxV1xLGtbS7Am8zzTjaINM2hK9L4X9yns+5hdzWSSG7tz+MI0WWyQpZIy4pkj1ySI5JmXByS+7JI3ly7pwH59l5+WwdcYYzS+QHnNcPTVmcew==</latexit>

<latexit sha1_base64="ElrFF+FBsVz5YTY39Qc+bzCcdqE=">AAAClHicdVFba9swFJa9bm2zS92NPvVFNGx0sAYrTbqMERoaCnsqHSxLSuwFWZETUfmCdFwIJn+oP6dv+zeTEmdsYz0g+M534UhHUS6FBt//6bhPtp4+297ZrT1/8fLVnrf/+rvOCsX4gGUyU6OIai5FygcgQPJRrjhNIsmH0W3f6sM7rrTI0m+wyHmY0FkqYsEoGGri3fezu/HVZPThJuzid9h2o5Mg4kDxjeVWhAEVZ1vL4y Do4lrlN30geQzHZO0KYkVZubEuy41pGSgxm8N7G340CyLhegV/lCfkd6SL/YlX9xu+3z4962ADPjU7nbYBTdJunbYxMZKtOqrqeuI9BNOMFQlPgUmq9Zj4OYQlVSCY5MtaUGieU3ZLZ3xsYErN5LBc7XSJ3xpmiuNMmZMCXrF/JkqaaL1IIuNMKMz1v5ol/6eNC4g7YSnSvACesvWguJAYMmw/CE+F4gzkwgDKlDB3xWxOzUbBfGPNLGHzUvw4GDYbpNUg5Gur3ruo9rGDDtEROkYEfUQ99AVdowFijuecOedOzz1wP7t993JtdZ0q8wb9Ve7VLyR3wy4=</latexit>

Cov[NX , Y ] =Cov[X � �Y, Y ] = Cov[X,Y ]� �Cov[Y, Y ]

=Cov[X,Y ]

✓
1� �

Cov[Y, Y ]

Cov[X,Y ]

◆

=Cov[X,Y ]
�
1� � ⇥ ��1

�
= 0



Theorem: Identifiability of LiNGAMs
Proof:

We prove that if                        and 3

Define:
� :=

Cov[X,Y ]

Cov[Y, Y ]
=

↵V ar[X]

↵2V ar[X] + V ar[NY ]

<latexit sha1_base64="Q65xMubO9dVavZc7u5JZMJjRNKE="></latexit>

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Y = ↵X +NY , NY ?? X

<latexit sha1_base64="KGvI8wDThGiJEimzcYhhk8H64hA="></latexit>

X = �Y +NX , NX ?? Y

<latexit sha1_base64="nHSwioqAAlgsE3uRdGEZTNIQWVM="></latexit>

X = �Y +NX ) NX = X � �Y

<latexit sha1_base64="K7d1YB8gp3zu6OaLOzZIq1HyisQ=">AAACFXicdVDLSkMxEM31Weur6tLNYBEEteSWautCEN24EhWrV9pSctO0Dc19kMxVSvEn3Pgrblwo4lZw59+Y1goqemDg5JwZMnP8WEmDlL47I6Nj4xOTqan09Mzs3HxmYfHcRInmoswjFWnPZ0YoGYoySlTCi7Vgga/Ehd856PsXV0IbGYVn2I1FLWCtUDYlZ2ilemYDPNiFqi+QwSWsw1Hdg+qpbLWRaR1d99+73ubQr2eyNE fdPC2VwJIdd3uraEk+T7cLFNwcHSBLhjiuZ96qjYgngQiRK2ZMxaUx1npMo+RK3KSriREx4x3WEhVLQxYIU+sNrrqBVas0oBlpWyHCQP0+0WOBMd3At50Bw7b57fXFv7xKgs1SrSfDOEER8s+PmokCjKAfETSkFhxV1xLGtbS7Am8zzTjaINM2hK9L4X9yns+5hdzWSSG7tz+MI0WWyQpZIy4pkj1ySI5JmXByS+7JI3ly7pwH59l5+WwdcYYzS+QHnNcPTVmcew==</latexit>

Then             are uncorrelated by construction,     NX , Y

<latexit sha1_base64="RNeex086tJ8x4Qw5KKw9cMrgO2c=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQXMmSGvtwV3biSCvYh7VAyaaaNzSRDkhFK6T+4caGIW//HnX9j+hBU9MCFwzn3cu89YcKZNgh9OEvLK6tr65mN7ObW9s5ubm+/oWWqCK0TyaVqhVhTzgStG2Y4bSWK4jjktBkOL6Z+854qzaS4MaOEBjHuCxYxgo2VGlfd1im87ebyyEWejyoVaMmZVyqWLfF9VCog6LlohjxYoNbNvXd6kqQxFYZwrHXbQ4kJxlgZRjidZDuppgkmQ9ynbUsFjqkOxrNrJ/DYKj0YSWVLGDhTv0+Mcaz1KA5tZ4zNQP/2puJfXjs1USUYM5GkhgoyXxSlHBoJp6/DHlOUGD6yBBPF7K2QDLDCxNiAsjaEr0/h/6Thu17BLV4X8tXzRRwZcAiOwAnwQBlUwSWogTog4A48gCfw7Ejn0XlxXuetS85i5gD8gPP2Cc4ZjqU=</latexit>



Theorem: Identifiability of LiNGAMs
Proof:

We prove that if                        and 3

Define:
� :=

Cov[X,Y ]

Cov[Y, Y ]
=

↵V ar[X]

↵2V ar[X] + V ar[NY ]

<latexit sha1_base64="Q65xMubO9dVavZc7u5JZMJjRNKE="></latexit>

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Y = ↵X +NY , NY ?? X

<latexit sha1_base64="KGvI8wDThGiJEimzcYhhk8H64hA="></latexit>

X = �Y +NX , NX ?? Y

<latexit sha1_base64="nHSwioqAAlgsE3uRdGEZTNIQWVM="></latexit>

X = �Y +NX ) NX = X � �Y

<latexit sha1_base64="K7d1YB8gp3zu6OaLOzZIq1HyisQ=">AAACFXicdVDLSkMxEM31Weur6tLNYBEEteSWautCEN24EhWrV9pSctO0Dc19kMxVSvEn3Pgrblwo4lZw59+Y1goqemDg5JwZMnP8WEmDlL47I6Nj4xOTqan09Mzs3HxmYfHcRInmoswjFWnPZ0YoGYoySlTCi7Vgga/Ehd856PsXV0IbGYVn2I1FLWCtUDYlZ2ilemYDPNiFqi+QwSWsw1Hdg+qpbLWRaR1d99+73ubQr2eyNE fdPC2VwJIdd3uraEk+T7cLFNwcHSBLhjiuZ96qjYgngQiRK2ZMxaUx1npMo+RK3KSriREx4x3WEhVLQxYIU+sNrrqBVas0oBlpWyHCQP0+0WOBMd3At50Bw7b57fXFv7xKgs1SrSfDOEER8s+PmokCjKAfETSkFhxV1xLGtbS7Am8zzTjaINM2hK9L4X9yns+5hdzWSSG7tz+MI0WWyQpZIy4pkj1ySI5JmXByS+7JI3ly7pwH59l5+WwdcYYzS+QHnNcPTVmcew==</latexit>

Then             are uncorrelated by construction,     
Moreover,      is gaussian as it is a convolution of 2 gaussians.
Therefore,        is also gaussian.
Hence,              are uncorrelated & gaussian, i.e., independent.NX , Y

<latexit sha1_base64="RNeex086tJ8x4Qw5KKw9cMrgO2c=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQXMmSGvtwV3biSCvYh7VAyaaaNzSRDkhFK6T+4caGIW//HnX9j+hBU9MCFwzn3cu89YcKZNgh9OEvLK6tr65mN7ObW9s5ubm+/oWWqCK0TyaVqhVhTzgStG2Y4bSWK4jjktBkOL6Z+854qzaS4MaOEBjHuCxYxgo2VGlfd1im87ebyyEWejyoVaMmZVyqWLfF9VCog6LlohjxYoNbNvXd6kqQxFYZwrHXbQ4kJxlgZRjidZDuppgkmQ9ynbUsFjqkOxrNrJ/DYKj0YSWVLGDhTv0+Mcaz1KA5tZ4zNQP/2puJfXjs1USUYM5GkhgoyXxSlHBoJp6/DHlOUGD6yBBPF7K2QDLDCxNiAsjaEr0/h/6Thu17BLV4X8tXzRRwZcAiOwAnwQBlUwSWogTog4A48gCfw7Ejn0XlxXuetS85i5gD8gPP2Cc4ZjqU=</latexit>

NX , Y

<latexit sha1_base64="RNeex086tJ8x4Qw5KKw9cMrgO2c=">AAAB7XicdVDLSgMxFM34rPVVdekmWAQXMmSGvtwV3biSCvYh7VAyaaaNzSRDkhFK6T+4caGIW//HnX9j+hBU9MCFwzn3cu89YcKZNgh9OEvLK6tr65mN7ObW9s5ubm+/oWWqCK0TyaVqhVhTzgStG2Y4bSWK4jjktBkOL6Z+854qzaS4MaOEBjHuCxYxgo2VGlfd1im87ebyyEWejyoVaMmZVyqWLfF9VCog6LlohjxYoNbNvXd6kqQxFYZwrHXbQ4kJxlgZRjidZDuppgkmQ9ynbUsFjqkOxrNrJ/DYKj0YSWVLGDhTv0+Mcaz1KA5tZ4zNQP/2puJfXjs1USUYM5GkhgoyXxSlHBoJp6/DHlOUGD6yBBPF7K2QDLDCxNiAsjaEr0/h/6Thu17BLV4X8tXzRRwZcAiOwAnwQBlUwSWogTog4A48gCfw7Ejn0XlxXuetS85i5gD8gPP2Cc4ZjqU=</latexit>

Y

<latexit sha1_base64="Qotqj3iP1t1gjcvemrzwMxQj74Q=">AAAB6HicdVDJSgNBEO2JW4xb1KOXxiB4GnpCNm9BLx4TMIskQ+jp1CRteha6e4Qw5Au8eFDEq5/kzb+xswgq+qDg8V4VVfW8WHClCfmwMmvrG5tb2e3czu7e/kH+8KitokQyaLFIRLLrUQWCh9DSXAvoxhJo4AnoeJOrud+5B6l4FN7oaQxuQEch9zmj2kjN20G+QGziFEmthg25cCrlqiHFIqmUCHZsskABrdAY5N/7w4glAYSaCapUzyGxdlMqNWcCZrl+oiCmbEJH0DM0pAEoN10cOsNnRhliP5KmQo0X6veJlAZKTQPPdAZUj9Vvby7+5fUS7dfclIdxoiFky0V+IrCO8PxrPOQSmBZTQyiT3NyK2ZhKyrTJJmdC+PoU/0/aRdsp2eVmqVC/XMWRRSfoFJ0jB1VRHV2jBmohhgA9oCf0bN1Zj9aL9bpszVirmWP0A9bbJxItjSI=</latexit>

NX

<latexit sha1_base64="PfLXR45jjTmLEYEmsjV40ORpnAw=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqGbN6CXjxJRBMDyRB6Oj1Jk56F7h4hDPkELx4U8eoXefNv7CyCij4oeLxXRVU9PxFcaYw/rNzK6tr6Rn6zsLW9s7tX3D9oqziVlLVoLGLZ8YligkespbkWrJNIRkJfsDt/fDHz7+6ZVDyObvUkYV5IhhEPOCXaSDdX/U6/WMI2dlxcryNDzpxqpWaI6+JqGSPHxnOUYIlmv/jeG8Q0DVmkqSBKdR2caC8jUnMq2LTQSxVLCB2TIesaGpGQKS+bnzpFJ0YZoCCWpiKN5ur3iYyESk1C33SGRI/Ub28m/uV1Ux3UvYxHSapZRBeLglQgHaPZ32jAJaNaTAwhVHJzK6IjIgnVJp2CCeHrU/Q/abu2U7Yr1+VS43wZRx6O4BhOwYEaNOASmtACCkN4gCd4toT1aL1Yr4vWnLWcOYQfsN4+AWGxjeI=</latexit>



Theorem: Identifiability of LiNGAMs
Proof:

We prove the reverse: If3
Y = ↵X +NY , NY ?? X

X = �Y +NX , NX ?? Y

<latexit sha1_base64="L8b6kRhu9st2PpnU+LgVkkRUlBU="></latexit>

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Since                 , we have:NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>

NX = X � �(↵X +NY ) = (1� ↵�)X � �NY

<latexit sha1_base64="Wxq3LCGjNsd3QNAaszzN6MWZmRA="></latexit>



Theorem: Identifiability of LiNGAMs
Proof:

We prove the reverse: If3
Y = ↵X +NY , NY ?? X

X = �Y +NX , NX ?? Y

<latexit sha1_base64="L8b6kRhu9st2PpnU+LgVkkRUlBU="></latexit>

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Since                 , we have:NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>

NX = X � �(↵X +NY ) = (1� ↵�)X � �NY

<latexit sha1_base64="Wxq3LCGjNsd3QNAaszzN6MWZmRA="></latexit>

There are 3 cases: 
(i) (1� ↵�) 6= 0 & � 6= 0

<latexit sha1_base64="XXR0YYvzHjcuxWN+nTP0C8e7S+E="></latexit>

Then, given                  , DS theorem implies X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>



Theorem: Identifiability of LiNGAMs
Proof:

We prove the reverse: If3
Y = ↵X +NY , NY ?? X

X = �Y +NX , NX ?? Y

<latexit sha1_base64="L8b6kRhu9st2PpnU+LgVkkRUlBU="></latexit>

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Since                 , we have:NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>

NX = X � �(↵X +NY ) = (1� ↵�)X � �NY

<latexit sha1_base64="Wxq3LCGjNsd3QNAaszzN6MWZmRA="></latexit>

There are 3 cases: 
(i) (1� ↵�) 6= 0 & � 6= 0

<latexit sha1_base64="XXR0YYvzHjcuxWN+nTP0C8e7S+E="></latexit>

Then, given                  , DS theorem implies X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>

(ii) (1� ↵�) 6= 0 & � = 0

<latexit sha1_base64="NO9iEKrd3XD2UoZalemMZDmQRBg="></latexit>

Then, since                  , and                 , then   

NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>

NX = X

<latexit sha1_base64="U+Q02Qvb4UpVAbU16OM4ov1Zbcw=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwFSahLxdC0Y0rqWBqoA1lMp20QyeTMDMRSug3uHGhiFs/yJ1/4/QhqOiBC4dz7uXee8KUM6UR+rAKK6tr6xvFzdLW9s7uXnn/oKOSTBLqkYQn0g+xopwJ6mmmOfVTSXEccnoXji9n/t09lYol4lZPUhrEeChYxAjWRvKu+/653y9XkI0cFzWb0JAzp15rGOK6qF5F0LHRHBWwRLtffu8NEpLFVGjCsVJdB6U6yLHUjHA6LfUyRVNMxnhIu4YKHFMV5PNjp/DEKAMYJdKU0HCufp/IcazUJA5NZ4z1SP32ZuJfXjfTUTPImUgzTQVZLIoyDnUCZ5/DAZOUaD4xBBPJzK2QjLDERJt8SiaEr0/h/6Tj2k7Vrt1UK62LZRxFcASOwSlwQAO0wBVoAw8QwMADeALPlrAerRfrddFasJYzh+AHrLdPj62Oiw==</latexit>

X ?? ↵X +NY

<latexit sha1_base64="3QM99IgDMOuHOdIQ/OpIlgLJ5W0=">AAACDHicdVDLSgMxFM3UV62vqks30SIIQskMfbkrunElFWw70paSSTNtaGYmJBmhlH6AG3/FjQtF3PoB7vwbM32Aip4QODn3XG7u8QRnSiP0aaWWlldW19LrmY3Nre2d7O5eQ0WxJLROIh5J18OKchbSumaaU1dIigOP06Y3vEjqzTsqFYvCGz0StBPgfsh8RrA2Ujebc2FbUClg+zA5iwfmYoChC0/hVffWuFAe2Q6qVKAhZ3apWDbEcVCpgKCdR1PkwBy1bvaj3YtIHNBQE46VatlI6M4YS80Ip5NMO1ZUYDLEfdoyNMQBVZ3xdJkJPDZKD/qRNDfUcKp+7xjjQKlR4BlngPVA/a4l4l+1Vqz9SmfMQhFrGpLZID/mUEcwSQb2mKRE85EhmEhm/grJAEtMtMkvY0JYbAr/Jw0nbxfyxetCrno+jyMNDsAROAE2KIMquAQ1UAcE3INH8AxerAfryXq13mbWlDXv2Qc/YL1/AfYwmQ4=</latexit>

in contradiction with Peters’ lemma



Theorem: Identifiability of LiNGAMs
Proof:

We prove the reverse: If3
Y = ↵X +NY , NY ?? X

X = �Y +NX , NX ?? Y

<latexit sha1_base64="L8b6kRhu9st2PpnU+LgVkkRUlBU="></latexit>

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Since                 , we have:NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>

NX = X � �(↵X +NY ) = (1� ↵�)X � �NY

<latexit sha1_base64="Wxq3LCGjNsd3QNAaszzN6MWZmRA="></latexit>

There are 3 cases: 
(iii) 1� ↵� = 0 & � 6= 0

<latexit sha1_base64="QBGIMixsq7hcoQgod32qTXSMLG8=">AAACCnicdVBNSwMxEM36WetX1aOXaFG8WLKlaj0IohePClaFbimz6dQGs9k1yQql9OzFv+LFgyJe/QXe/DdmawUVfZDw8t4Mk3lhIoWxjL17I6Nj4xOTuan89Mzs3HxhYfHMxKnmWOOxjPVFCAalUFizwkq8SDRCFEo8D68OM//8BrURsTq13QQbEVwq0RYcrJOahRV/MwCZdCAI0cIeowEN1rMrewYKr1mzUGQl5pdZtUod2fW3t3YcKZfZdoVRv8QGKJIhjpuFt6AV8zRCZbkEY+o+S2yjB9oKLrGfD1KDCfAruMS6owoiNI3eYJU+XXNKi7Zj7Y6ydKB+7+hBZEw3Cl1lBLZjfnuZ+JdXT2272ugJlaQWFf8c1E4ltTHNcqEtoZFb2XUEuBbur5R3QAO3Lr28C+FrU/o/OSuX/Epp66RS3D8YxpEjy2SVbBCf7JB9ckSOSY1wckvuySN58u68B+/Ze/ksHfGGPUvkB7zXD3UKmOE=</latexit>

Then, since                  , and                         ,   NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>

NX = ��NY

<latexit sha1_base64="UWNGAwXu82LhJoUy8d5roiJtVfs=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4cegZsnkQgl48hQhmkWQcejo9SZOehe4eJQz5Dy8eFPHqv3jzb+wsgoo+KHi8V0VVPS/mTCqEPozM0vLK6lp2PbexubW9k9/da8koEYQ2ScQj0fGwpJyFtKmY4rQTC4oDj9O2N7qY+u07KiSLwms1jqkT4EHIfEaw0tJt3e2cnfQ8qjCsuzduvoBMZNmoWoWanFrlUkUT20blIoKWiWYogAUabv69149IEtBQEY6l7FooVk6KhWKE00mul0gaYzLCA9rVNMQBlU46u3oCj7TSh34kdIUKztTvEykOpBwHnu4MsBrK395U/MvrJsqvOikL40TRkMwX+QmHKoLTCGCfCUoUH2uCiWD6VkiGWGCidFA5HcLXp/B/0rJNq2iWroqF2vkijiw4AIfgGFigAmrgEjRAExAgwAN4As/GvfFovBiv89aMsZjZBz9gvH0Cbt2R2A==</latexit>

NY ?? ↵X +NY

<latexit sha1_base64="FoFovI8xGSlYxk3KraIiQ4/hDz8=">AAACDnicdVDLSgMxFM34rPVVdekmWgqCMGRKX+6KblxJBfuQThkyadqGZmZCkhFK6Re48VfcuFDErWt3/o2ZPkBFTwicnHsuN/f4gjOlEfq0lpZXVtfWUxvpza3tnd3M3n5DRbEktE4iHsmWjxXlLKR1zTSnLSEpDnxOm/7wIqk376hULApv9EjQToD7IesxgrWRvEzuyruFrqBSQPcoOYsH5mKAYQueQuPwMllkIyePKhVoyJlTKpYNyedRqYCgY6MpsmCOmpf5cLsRiQMaasKxUm0HCd0ZY6kZ4XSSdmNFBSZD3KdtQ0McUNUZT9eZwJxRurAXSXNDDafq944xDpQaBb5xBlgP1O9aIv5Va8e6V+mMWShiTUMyG9SLOdQRTLKBXSYp0XxkCCaSmb9CMsASE20STJsQFpvC/0kjbzsFu3hdyFbP53GkwCE4BifAAWVQBZegBuqAgHvwCJ7Bi/VgPVmv1tvMumTNew7AD1jvX2CtmdA=</latexit>

again in contradiction with Peters’ lemma

Jonas Peters et al, Elements of Causal Inference (2017) 



Theorem: Identifiability of LiNGAMs
Proof:

We prove the reverse: If3
Y = ↵X +NY , NY ?? X

X = �Y +NX , NX ?? Y

<latexit sha1_base64="L8b6kRhu9st2PpnU+LgVkkRUlBU="></latexit>

(

<latexit sha1_base64="ns2W91InO9HU/FveZelIqr7+y08=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjKlL3dFNy5cVLAPbIeSSTNtaCYZkoxShv6FGxeKuPVv3Pk3pg9BRQ9cOJxzL/feE8ScaYPQh5NZWV1b38hu5ra2d3b38vsHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDHz23dUaSbFjZnE1I/wULCQEWysdNu7oqHBSsn7fr6AXOQVUa0GLTnzKuWqJcUiqpQQ9Fw0RwEs0ejn33sDSZKICkM41rrrodj4KVaGEU6nuV6iaYzJGA9p11KBI6r9dH7xFJ5YZQBDqWwJA+fq94kUR1pPosB2RtiM9G9vJv7ldRMT1vyUiTgxVJDFojDh0Eg4ex8OmKLE8IklmChmb4VkhBUmxoaUsyF8fQr/J62i65Xc8nWpUD9fxpEFR+AYnAIPVEEdXIIGaAICBHgAT+DZ0c6j8+K8LlozznLmEPyA8/YJFHqRNQ==</latexit>

X,NY ⇠ N

<latexit sha1_base64="zl9J7zVie1zwiKZpo9+jbLrnoRQ=">AAACAHicdVDJSgNBEO1xjXGLevDgpTEIHmToGbJ5C3rxFCKYRTLD0NPpSZr0LHT3CGHIxV/x4kERr36GN//GziKo6IOCx3tVVNXzE86kQujDWFpeWV1bz23kN7e2d3YLe/ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHl1O/c0eFZHF0o8YJdUM8iFjACFZa8gqH3TPY8G6hI1kInRCrIcE8a0y8QhGZyLJRrQY1Obcq5aomto0qJQQtE81QBAs0vcK7049JGtJIEY6l7FkoUW6GhWKE00neSSVNMBnhAe1pGuGQSjebPTCBJ1rpwyAWuiIFZ+r3iQyHUo5DX3dOT5S/van4l9dLVVBzMxYlqaIRmS8KUg5VDKdpwD4TlCg+1gQTwfStkAyxwETpzPI6hK9P4f+kbZtWySxfl4r1i0UcOXAEjsEpsEAV1MEVaIIWIGACHsATeDbujUfjxXidty4Zi5kD8APG2yeygZXh</latexit>

Since                 , we have:NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>

NX = X � �(↵X +NY ) = (1� ↵�)X � �NY

<latexit sha1_base64="Wxq3LCGjNsd3QNAaszzN6MWZmRA="></latexit>

There are 3 cases: 
(iii) 1� ↵� = 0 & � 6= 0

<latexit sha1_base64="QBGIMixsq7hcoQgod32qTXSMLG8=">AAACCnicdVBNSwMxEM36WetX1aOXaFG8WLKlaj0IohePClaFbimz6dQGs9k1yQql9OzFv+LFgyJe/QXe/DdmawUVfZDw8t4Mk3lhIoWxjL17I6Nj4xOTuan89Mzs3HxhYfHMxKnmWOOxjPVFCAalUFizwkq8SDRCFEo8D68OM//8BrURsTq13QQbEVwq0RYcrJOahRV/MwCZdCAI0cIeowEN1rMrewYKr1mzUGQl5pdZtUod2fW3t3YcKZfZdoVRv8QGKJIhjpuFt6AV8zRCZbkEY+o+S2yjB9oKLrGfD1KDCfAruMS6owoiNI3eYJU+XXNKi7Zj7Y6ydKB+7+hBZEw3Cl1lBLZjfnuZ+JdXT2272ugJlaQWFf8c1E4ltTHNcqEtoZFb2XUEuBbur5R3QAO3Lr28C+FrU/o/OSuX/Epp66RS3D8YxpEjy2SVbBCf7JB9ckSOSY1wckvuySN58u68B+/Ze/ksHfGGPUvkB7zXD3UKmOE=</latexit>

Then, since                  , and                         ,   NX ?? Y

<latexit sha1_base64="fFDM4JJLzK2jTBIpjkrALsFXsSg=">AAACAXicdVDLSgMxFM34rPVVdSO4iRbB1ZApfbkrunElFexD2jJk0rQNzcyEJCOUoW78FTcuFHHrX7jzb8y0I6joCYGTc+7l5h5PcKY0Qh/WwuLS8spqZi27vrG5tZ3b2W2qMJKENkjIQ9n2sKKcBbShmea0LSTFvsdpyxufJ37rlkrFwuBaTwTt+XgYsAEjWBvJze1fum3YFVQK2D1MTvq4cXN5ZCOngKpVaMipUy5VDCkUULmIoGOjGfIgRd3NvXf7IYl8GmjCsVIdBwndi7HUjHA6zXYjRQUmYzykHUMD7FPVi2cbTOGxUfpwEEpzAw1n6veOGPtKTXzPVPpYj9RvLxH/8jqRHlR7MQtEpGlA5oMGEYc6hEkcsM8kJZpPDMFEMvNXSEZYYqJNaFkTwtem8H/SLNhO0S5dFfO1szSODDgAR+AEOKACauAC1EEDEHAHHsATeLburUfrxXqdly5Yac8e+AHr7RMEcZVb</latexit>

NX = ��NY

<latexit sha1_base64="UWNGAwXu82LhJoUy8d5roiJtVfs=">AAAB9XicdVDJSgNBEO2JW4xb1KOXxiB4cegZsnkQgl48hQhmkWQcejo9SZOehe4eJQz5Dy8eFPHqv3jzb+wsgoo+KHi8V0VVPS/mTCqEPozM0vLK6lp2PbexubW9k9/da8koEYQ2ScQj0fGwpJyFtKmY4rQTC4oDj9O2N7qY+u07KiSLwms1jqkT4EHIfEaw0tJt3e2cnfQ8qjCsuzduvoBMZNmoWoWanFrlUkUT20blIoKWiWYogAUabv69149IEtBQEY6l7FooVk6KhWKE00mul0gaYzLCA9rVNMQBlU46u3oCj7TSh34kdIUKztTvEykOpBwHnu4MsBrK395U/MvrJsqvOikL40TRkMwX+QmHKoLTCGCfCUoUH2uCiWD6VkiGWGCidFA5HcLXp/B/0rJNq2iWroqF2vkijiw4AIfgGFigAmrgEjRAExAgwAN4As/GvfFovBiv89aMsZjZBz9gvH0Cbt2R2A==</latexit>

NY ?? ↵X +NY

<latexit sha1_base64="FoFovI8xGSlYxk3KraIiQ4/hDz8=">AAACDnicdVDLSgMxFM34rPVVdekmWgqCMGRKX+6KblxJBfuQThkyadqGZmZCkhFK6Re48VfcuFDErWt3/o2ZPkBFTwicnHsuN/f4gjOlEfq0lpZXVtfWUxvpza3tnd3M3n5DRbEktE4iHsmWjxXlLKR1zTSnLSEpDnxOm/7wIqk376hULApv9EjQToD7IesxgrWRvEzuyruFrqBSQPcoOYsH5mKAYQueQuPwMllkIyePKhVoyJlTKpYNyedRqYCgY6MpsmCOmpf5cLsRiQMaasKxUm0HCd0ZY6kZ4XSSdmNFBSZD3KdtQ0McUNUZT9eZwJxRurAXSXNDDafq944xDpQaBb5xBlgP1O9aIv5Va8e6V+mMWShiTUMyG9SLOdQRTLKBXSYp0XxkCCaSmb9CMsASE20STJsQFpvC/0kjbzsFu3hdyFbP53GkwCE4BifAAWVQBZegBuqAgHvwCJ7Bi/VgPVmv1tvMumTNew7AD1jvX2CtmdA=</latexit>

again in contradiction with Peters’ lemma

Therefore, as long as one of                           is not gaussian,
the causal direction is identifiable from observational data! 

X,NY , Y,NX

<latexit sha1_base64="/lQNi73LPUoKfEwYF//WXQeAg8w=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KEOm9OWu6MZVqWDbkXYcMmmmDc08SDJKGfofblwo4tZ/ceffmD4EFT3cC4dz7iU3x4s5kwqhDyOzsrq2vpHdzG1t7+zu5fcPOjJKBKFtEvFI2B6WlLOQthVTnNqxoDjwOO1644uZ372jQrIovFaTmDoBHobMZwQrLd3axaZ7U4S6mq4N3XwBmcgqoXodanJmVSs1TUolVC0jaJlojgJYouXm3/uDiCQBDRXhWMqehWLlpFgoRjid5vqJpDEmYzykPU1DHFDppPOrp/BEKwPoR0J3qOBc/b6R4kDKSeDpyQCrkfztzcS/vF6i/LqTsjBOFA3J4iE/4VBFcBYBHDBBieITTTARTN8KyQgLTJQOKqdD+Pop/J90SqZVNitX5ULjfBlHFhyBY3AKLFADDXAJWqANCBDgATyBZ+PeeDRejNfFaMZY7hyCHzDePgECzZDr</latexit>

Jonas Peters et al, Elements of Causal Inference (2017) 



Linear Additive Noise Models (ANMs)

ANM: The joint distribution           is said to admit an ANM for
if there exists a measurable function        and a noise variable        s.t.

Jonas Peters et al, Elements of Causal Inference (2017) 

PX,Y

<latexit sha1_base64="OHZNHDzaQokBF4OJWEG3Vy9fI4Y=">AAAB7nicdVDJSgNBEK1xjXGLevTSGAQPMvQM2bwFvXiMYBZJhtDT6Uma9Cx09whhyEd48aCIV7/Hm39jZxFU9EHB470qqur5ieBKY/xhrayurW9s5rby2zu7e/uFg8OWilNJWZPGIpYdnygmeMSammvBOolkJPQFa/vjq5nfvmdS8Ti61ZOEeSEZRjzglGgjtRv9rHN+N+0XitjGjotrNWTIhVMpVw1xXVwpYeTYeI4iLNHoF957g5imIYs0FUSproMT7WVEak4Fm+Z7qWIJoWMyZF1DIxIy5WXzc6fo1CgDFMTSVKTRXP0+kZFQqUnom86Q6JH67c3Ev7xuqoOal/EoSTWL6GJRkAqkYzT7HQ24ZFSLiSGESm5uRXREJKHaJJQ3IXx9iv4nLdd2Snb5plSsXy7jyMExnMAZOFCFOlxDA5pAYQwP8ATPVmI9Wi/W66J1xVrOHMEPWG+fQGuPiQ==</latexit>

X ! Y

<latexit sha1_base64="eJyhcCoNXFN2Zt/+c/eL6QssEO4=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasgMfbkrunFZwT6kHUomzbShmQdJRihDP8KNC0Xc+j3u/BvTh6CiBwKHc+4l9xw/EVxpjD+s3Nr6xuZWfruws7u3f1A8PGqrOJWUtWgsYtn1iWKCR6yluRasm0hGQl+wjj+5mvudeyYVj6NbPU2YF5JRxANOiTZSp4v6OkZ3g2IJ29hxcb2ODLlwqpWaIa6Lq2WMHBsvUIIVmoPie38Y0zRkkaaCKNVzcKK9jEjNqWCzQj9VLCF0QkasZ2hEQqa8bHHuDJ0ZZYiCWJoXabRQv29kJFRqGvpmMiR6rH57c/Evr5fqoO5lPEpSzSK6/ChIBTIR59nRkEtGtZgaQqjk5lZEx0QSqk1DBVPCV1L0P2m7tlO2KzflUuNyVUceTuAUzsGBGjTgGprQAgoTeIAneLYS69F6sV6XozlrtXMMP2C9fQLAJo81</latexit>

fY

<latexit sha1_base64="XTTxD9xEvM49saJxl8cGO5qhIC4=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqGbN6CXjxGNImSDKGn05M06Vno7hHCkE/w4kERr36RN//GziKo6IOCx3tVVNXzE8GVxvjDyq2srq1v5DcLW9s7u3vF/YO2ilNJWYvGIpa3PlFM8Ii1NNeC3SaSkdAXrOOPL2Z+555JxePoRk8S5oVkGPGAU6KNdB307/rFErax4+J6HRly5lQrNUNcF1fLGDk2nqMESzT7xffeIKZpyCJNBVGq6+BEexmRmlPBpoVeqlhC6JgMWdfQiIRMedn81Ck6McoABbE0FWk0V79PZCRUahL6pjMkeqR+ezPxL6+b6qDuZTxKUs0iulgUpALpGM3+RgMuGdViYgihkptbER0RSag26RRMCF+fov9J27Wdsl25Kpca58s48nAEx3AKDtSgAZfQhBZQGMIDPMGzJaxH68V6XbTmrOXMIfyA9fYJh8WN+w==</latexit>

NY
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For this model, using convolution of probabilities we have:

p(x, y) = pNY (y � fY (x))pX(x)

<latexit sha1_base64="sUGHU5fM29SuQNDn2uu9vn1bXPA="></latexit>

Similarly, if a backward model exists: 

p(x, y) = pNX (x� fX(y))pY (y)

<latexit sha1_base64="lX5MLzNQ8IUgBV8wk6WBT/EMixw="></latexit>



Theorem: Identifiability of ANMs
Let

Jonas Peters et al, Elements of Causal Inference (2017) 
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if the backward model exists: 

It must satisfy the following condition: 
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where ⌫ = log(pNY ), ⇠ = log(pX)
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00
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0
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The set of all        for which there is a backward model is contained 
in a 3-dim space (small!)

Consider previous example: Gaussian, with f linear

pX
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where ⌫ = log(pNY ), ⇠ = log(pX)
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00
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0
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The set of all        for which there is a backward model is contained in 
a 3-dim space (small!)

Generically hard to satisfy, therefore forward model cannot be inverted 

pX
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In practice

Jonas Peters et al, Elements of Causal Inference (2017) 

  1. Regress Y on X
2. Test whether                is 
independent of X
3. Repeat, swapping X and Y
4. If the independence is 
accepted for one direction and 
rejected for the other, infer the 
former as the causal direction,

Y � f̂Y

<latexit sha1_base64="wnQYg7AVjwWMDafvsTfrFBL/b/o=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4ccgMfbkrunFZwb7oDCWTZtrQTGZIMkIZ+htuXCji1p9x59+YPgQVPXDhcM693HtPkHCmNEIfVm5tfWNzK79d2Nnd2z8oHh61VZxKQlsk5rHsBlhRzgRtaaY57SaS4ijgtBNMrud+555KxWJxp6cJ9SM8EixkBGsjeb0Lb4x1Fs4GPTgolpCNHBfV69CQS6daqRniuqhaRtCx0QIlsEJzUHz3hjFJIyo04VipvoMS7WdYakY4nRW8VNEEkwke0b6hAkdU+dni5hk8M8oQhrE0JTRcqN8nMhwpNY0C0xlhPVa/vbn4l9dPdVj3MyaSVFNBlovClEMdw3kAcMgkJZpPDcFEMnMrJGMsMdEmpoIJ4etT+D9pu7ZTtiu35VLjahVHHpyAU3AOHFADDXADmqAFCEjAA3gCz1ZqPVov1uuyNWetZo7BD1hvn8q9kYw=</latexit>

Statistical Test of Independence: Choose one that accounts for 
higher order statistic rather than testing correlations only, e.g. HSIC



In practice

Jonas Peters et al, Elements of Causal Inference (2017) 

Gaussian noise



Information Geometric Causal Inference (IGCI)

Jonas Peters et al, Elements of Causal Inference (2017) 

Provide an idea of how ‘independence’ between             and          
can be formalised. How much information they contain about each 
other. 

Toy model: Oversimplified, deterministic (no noise) 
If           is a causal model, the distribution of X and the function f 
mapping X to Y are ‘independent’ since they correspond to 
independent mechanisms of nature.  

Daniusis et al., (2010)



Information Geometric Causal Inference (IGCI)

Jonas Peters et al, Elements of Causal Inference (2017) 

Toy model: Oversimplified, deterministic (no noise) 
If           is a causal model, the distribution of X and the function f 
mapping X to Y are ‘independent’ since they correspond to 
independent mechanisms of nature.  

Example: Uniform density as input X. 
Let                    be the uniform density or [0,1] and f diffeomorphism 
of [0,1] with f(0)=0 and f(1)=1 and inverse                 . Then the 
distribution of                   is: 

Daniusis et al., (2010)

i.e. when              (flat regions), y has a peak.   



Information Geometric Causal Inference (IGCI)

Jonas Peters et al, Elements of Causal Inference (2017) 

Independence of     and        in terms of information geometry:      1

So if   and       are independent: 



Information Geometric Causal Inference (IGCI)

Jonas Peters et al, Elements of Causal Inference (2017) 

Independence of     and        in terms of information geometry:      1

So if   and       are independent: 

This will not hold for the opposite direction: Using 
1



Information Geometric Causal Inference (IGCI)
Previous results can be reformulated in information space Daniusis et al., 

(2010)

Jonas Peters et al, Elements of Causal Inference (2017) 

For non-zero C (if the function is not ‘too simple’), sign of C 
determines the direction. 

Reference distributions



Information Geometric Causal Inference (IGCI)
Estimate C:
In case of uniform reference distribution:

Daniusis et al., 
(2010)

Jonas Peters et al, Elements of Causal Inference (2017) 

Which can be estimated from the data as:

<latexit sha1_base64="MFfVvl4H/4XGU68P3bn+bu8M7yE="></latexit>

pY (y) = pX(x)
1

f 0(x)

dy = f 0(x)dx



Gene Perturbation Experiments
• Method: Invariant Causal Prediction (ICP)

• Quantifies confidence probabilities for inferring causal structures, i.e., 
’error bars’

• Uses data from different experimental conditions/perturbations, i.e., 
heterogeneous

• Mix of observational and interventional data

Y =
X

k2S⇤

�⇤
kXk + ✏Y

<latexit sha1_base64="m2p2YrrEMAKPSfMIGPbcvxosYDA="></latexit>

Main idea: Look for components of the regression vector that are 
invariant among various experimental settings. 

Nicolai Meinshausen et al., PNAS, 2016

Heterogeneity
Noise
Asymmetry do(c) E



Invariant Causal Prediction (ICP): State-of-the-art

Meinshausen et al. (2019)

• Automatic identifiability 

• Confidence bounds

• Intervention/perturbation do not need to exactly specified 

• Avoids typically unstable/complicated estimating with graphs 
(equivalence classes from data)



• Estimating causal effects
• Randomised trial vs observational data
• Causal inference (of effects) [DoWhy and others]

- Rubin: Potential outcomes framework (observed confounders)
- Rubin (unobserved confounders)
- Simulations
- Pearl: Structural causal models framework (observed and 

unobserved confounders)
- Simulations

• Causal discovery
- Constraint-based algorithms (PC)
- Functional Causal Models

Overview of the course



Outcomes of the course

• Be able to find and follow papers that have developed causal techniques

• Understand which area of causal analysis the papers apply to

• Be able to apply causal techniques to a particular problem of interest 

• Use causal analysis packages in R and Python (Microsoft DoWhy, 
CausalGraphicalModels)

• Be able to modify a current technique in such a way that applies to a 
particular problem of interest

• A foundation to start developing techniques in causal inference and 
causal discovery
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